Abstract. In this paper we study the chaotic behaviour of the heat semigroup generated by the Dunkl-Laplacian on weighted L p spaces. In the case of the heat semigroup associated to the standard Laplacian we obtain a complete picture on the spaces L p (R n , (ϕiρ(x)) 2 dx) where ϕiρ is the Euclidean spherical function. The behaviour is very similar to the case of the Laplace-Beltrami operator on non-compact Riemannian symmetric spaces studied by Pramanik and Sarkar.
Introduction
The study of chaotic dynamics of the heat semigroup on Riemannian symmetric spaces of noncompact type, which started with the work of Ji and Weber [10] has been completed recently by Pramanik and Sarkar [13] (see also Sarkar [17] ). As they have remarked, the chaotic behavior of the heat semigroups on L p spaces seems to be a non-Euclidean phenomenon. In order to state the results of Pramanik and Sarkar and make a comparison with the Euclidean case, we need to recall several definitions from Ergodic theory. We closely follow the terminologies used in [13] referring to [4] and [10] for more details.
Let T t , t > 0 be a strongly continuous semigroup on a Banach space B.
(1) We say that T t is hypercyclic if there exists a v ∈ B such that {T t v : t ≥ 0} is dense in B. (2) If there exist a v ∈ B such that T t v = v for some t > 0 then we say that v is periodic for T t . (3) We say that T t is chaotic if it is hypercyclic and if its periodic points are dense in B.
Let ∆ = − n j=1 ∂ 2 ∂x 2 j be the standard Laplacian on the Euclidean space R n . The semigroup T t = e −t∆ generated by ∆ fails to be chaotic on L p (R n ), 1 ≤ p ≤ ∞. This can be easily checked by appealing to the following theorem proved in [11] .
Theorem 1.1 (de Laubenfels-Emamirad [11] ). If T t is a chaotic semigroup generated by A in a Banach space B then the cardinality of σ pt (A) ∩ iR is infinite, where σ pt (A) is the point spectrum of A.
Indeed, the spectrum of ∆ on L p (R n ) is independent of p and equals [0, ∞). Consequently, e −t∆ cannot be chaotic on any of the L p spaces.
Compare this with the case of the heat semigroup generated by the Laplace-Beltrami operator ∆ X on a noncompact Riemannian symmetric space X. When p > 2, there are plenty of eigenfunctions, provided by the elementary spherical functions, in L p (X) with purely imaginary eigenvalues. This fact has been utilized in obtaining a complete picture of the chaotic behavior of e −t∆ X on L p (X) in the article [13] where the authors have established the following result. Theorem 1.2 (Pramanik-Sarkar [13] ). For any Riemannian symmetric space X of non-compact type, let T t be the semigroup generated by ∆ X , T c t = e ct T t and let c p = where dσ is the surface measure on S n−1 and λ ∈ C. These are all eigenfunctions of the Laplacian with eigenvalue λ 2 : ∆ϕ λ = λ 2 ϕ λ and when λ ∈ R, ϕ λ ∈ L p (R n ), p > 
+1
where I α (t) = J α (it) is the modified Bessel function. Using the asymptotic behavior of I α (t) we see that
2 ) e |ℑ(λ)||x| .
It then follows that for any ρ > 0, and p = 2, It turns out that the functions ϕ λ (x)ϕ iρ (x) −1 are eigenfunctions of a modified Laplacian. Indeed, if we let∆ to stand for the operator defined bỹ ∆f = ϕ and hence a simple calculation shows that ∆f (x) = (∆ + ρ 2 )f (x) − 2(ϕ iρ (x))
This can be further simplified by making use of Hecke-Bochner formula for the Fourier transform. Note that ∂ ∂x j ϕ iρ (x) = ρ S n−1
ω j e ρx·ω dσ(ω) and as ω j are spherical harmonics on S n−1 it follows that (see Eqn. 15, page 37 in [7] )
ω j e ρx·ω dσ(ω) = c n x j |x| I n/2 (ρ|x|) (ρ|x|) n/2−1 .
Therefore, if we let w n (x) = c n I n/2 (ρ|x|)
is a first order perturbation of the Laplacian ∆. This operator∆ has eigenfunctions, namely
It is interesting to note the similarity betweeñ ∆ and the Laplacian ∆ X on symmetric spaces.
The above suggests that we study the chaotic behaviour of the semigroup
This semigroup is simply obtained from T t = e −t(∆+ρ 2 ) by conjugation:
. In this article our main aim is to prove the following result regarding the chaotic behaviour of this semigroup.
For ν > 0, z > 0 let K ν (z) be the Macdonald function given by the Sommerfeld integral
By making a change of variables, we observe that
The asymptotic behavior of K ν and I ν (z) at infinity are given by
see page 226 in [12] . Consequently, for |ℑ(λ)| < γ p ρ we see that
If we take λ = β(1 + i), |β| < γ p ρ, then ∆ϕ λ = 2iβ 2 ϕ λ and hence we have plenty of eigenfunctions with purely imaginary eigenvalues which belong to the weighted
The behaviour of the modified semigroupT t on L p (R n , (ϕ iρ (x)) 2 dx) is equivalent to the behaviour of T t on the spaces L p (R n , (K n/2 (ρ|x|)) γpp dx) for p > 2. Indeed, if we setĨ ν (z) = Iν (z) z ν , then it follows from the asymptotic properties of I ν and K ν that
It is therefore, natural to study the heat semigroup e −t(
It turns out that the chaotic behavior of e −t(∆+ρ 2 ) on these spaces is very similar to the behavior of e −t∆ X on L p (X), p > 2. Indeed, we have the following theorem.
In what follows we write L p ρ (R n ) in place of L p (R n , (K n/2 (ρ|x|)) γpp dx) for the sake of notational convenience.
and for c ∈ R define T c t = e −t(∆+ρ 2 −c) where ∆ is the standard Laplacian on R n . Then
The proof of the above theorem depends on a sharp estimate for the heat semigroup T t on L p ρ (R n ) stated and proved in Proposition 3.4. And Theorem 1.3 is an immediate consequence of the above result.
In this paper we also work in a more general set up and study the chaotic dynamics of the heat semigroup generated by the Dunkl Laplacian ∆ κ on R n associated to a finite reflection group. Let G be such a group generated by the reflections associated to a root system on R n . Let κ be a nonnegative multiplicity function and h 2 κ (x) be the associated weight function. Let T j , j = 1, 2, · · · , n be the Dunkl difference-differential operators and ∆ κ = − n j=1 T 2 j be the Dunkl Laplacian. For all the required definitions we refer to Section 3. We consider T t = e −t(∆κ+ρ 2 ) the heat semigroup generated by
, where γ is defined in terms of the multiplicity function κ, see Section 3. We denote the above space by
The chaotic behavior of the semigroup generated by A is described in the following result. For 1 ≤ p ≤ ∞ we denote p ′ to be conjugate index of p i.e. 1/p + 1/p ′ = 1. (1) For 1 ≤ p < 2 and c <
Remark 1.7. When 1 ≤ p < 2 (when p > 2) and
, we don't know if T c t fails to be hypercyclic or not. Also we are not able to say anything about the periodicity. This is due to the fact that we do not have sharp estimates on the operator norm of T t on L p ρ,κ (R n ). On the other hand when κ = 0 we do have better estimates for the operator norm of T t and hence we have a complete picture.
An examination of the proof of the sharp estimate for T t = e −t(∆+ρ 2 ) in Theorem 2.1 reveals that we need to use the boundedness of translation operators on R n on weighted L p spaces. If we want to prove an analogue of Theorem 2.1 for the Dunkl Laplacian, then we need to know the boundedness properties of Dunkl translation on the spaces L p ρ,κ (R n ). Unfortunately, the boundedness properties of these operators are not even known on L p spaces, see [20] for some results.
On the other hand, instead of L p ρ,κ (R n ) for 1 ≤ p < ∞, if we consider the mixed norm spaces L p,2 ρ,κ (R n ), then we can improve the estimates. These are defined as the space of all functions f for which
The p-th root of the above quantity will be denoted by
. On this space we have better estimates for the Dunkl heat semigroup, see Theorem 3.5. Consequently, we can prove the following result.
ρ,κ (R n ) and hence not chaotic.
A comparison of these theorems with the results of [13] (see Theorems 1.2, 1.3 and 1.4) shows the similarity between the behavior of e −t(A−c) on L p ρ,κ (R n ) and e −t(∆ X −c) on L p (X). It is also interesting to compare our results to the unweighted case of the heat semigroup e −t(−∆−c) on L p (R n ) stated and proved in Section 9 of [13] .
2. Chaotic behavior of the heat semigroup on weighted L p spaces
In this subsection we will estimate the operator norm of T t acting on the weighted space L p ρ (R n ). In proving the following result we will make use of the fact that for 1
. This follows from the estimates (1.1). When p = 1 the dual of L 1 ρ (R n ) is taken as L ∞ (R n ) and we use the standard duality bracket 
Proof. In view of the asymptotic behavior of the Macdonald function, it is enough to consider the space defined using (1 + |x|) (n−1)/2 e −ρ|x| in place of K n/2 (ρ|x|). For the sake of brevity, just for this section, we denote the weight function (1 + |x|) (n−1)/2 e −ρ|x| by w ρ (x). It is therefore enough to prove
The strong continuity of T t on L p ρ (R n ) follows from the norm estimates. Indeed, for 0 < t ≤ 1, the operators
where h t is the heat kernel which is explicitly given by
By making a change of variables in the x-integral, the above reads as
Now the inner integral can be estimated by Hölder's inequality after rewriting it as
Since γ p = γ p ′ the result is the bound
By making a change of variables, the second integral can be written as
In view of the inequality (1 + |y|) ≤ (1 + |x − y|)(1 + |x|), we see that
By making use of this, the above integral is bounded by
A simple calculation shows that
which completes the proof as 1
Just make a change of variables in the x-integral and proceed as before to get the required estimate.
2.2.
Spectrum of the Laplacian on weighted L p spaces. In case of noncompact Riemannian symmetric spaces G/K the L p spectrum of the Laplace-Beltrami operator ∆ is precisely known. It has been proved in Taylor [19] that the L p spectrum is equal to the parabolic neighborhood
of the half line [|ρ| 2 , ∞). This follows from a multiplier theorem proved in [19] for general Riemannian manifolds. It would be nice to see if we have precise information about the spectrum of the Dunkl-Laplacian ∆ κ acting on the spaces L p ρ,κ (R n ). In this generality, we are not able to determine precisely the spectrum of ∆ κ . However, when κ = 0 i.e. for the standard Laplacian ∆ on R n we do have the following result. In view of the asymptotic behavior of the Macdonald function, it is enough to consider the space defined using w ρ (x) := (1 + |x|) (n−1)/2 e −ρ|x| in place ofK n/2 (ρ|x|).
As in the case of symmetric spaces this result can be deduced from the following multiplier theorem for the Laplacian on the weighted L p spaces L p ρ (R n ).
In order to state the result we recall some definitions from [19] . Let Ω W be the set {λ ∈ C : |ℑ(λ)| < W } and set S m W to be the set of all even holomorphic functions ϕ on Ω W satisfying
W with W ≥ γ p ρ. In proving this theorem we closely follow [19] (see proof of Theorem A). We use the functional calculus to write
Using a partition of unity we write ϕ = ϕ 1 + ϕ 2 where ϕ 1 is compactly supported and ϕ 2 (t) = 0 for |t| small. As a consequence of this decomposition we have
In an earlier paper [1] it has been proved that ϕ 1 ( √ ∆) is a pseudodifferential operator whose distribution kernel is supported near the diagonal. Consequently, the boundedness of pseudo differential operators of order 0 on L p spaces gives us Lemma 2.5. If ϕ 1 is as in the previous lemma with m = 0 then for any
Using the fact that the distribution kernel of ϕ 1 ( √ ∆) is supported in a neighborhood of the diagonal, say |x − y| ≤ 1 2 , we can actually prove the boundedness of
Since the kernel k(x, y) is supported in |x − y| ≤ 1 2 we observe that
Consequently, the boundedness of ϕ 1 ( √ ∆) gives the estimate
which is easily seen to be bounded by
Summing over m we obtain
which takes care of ϕ 1 ( √ ∆). The proof of Theorem 2.3 will be complete once we prove the following result.
Proof. Once again the proof is a modification of the proof of Proposition 1.4 in [19] . We only prove the theorem when 1 ≤ p ≤ 2. The case p > 2 can be handled by duality.
. For then, we can appeal to Stein-Weiss interpolation theorem with change of measures to get the desired result, see [19] . In fact our choice of the measure, namely (K n/2 (ρ|x|)) pγp is motivated by this theorem.
If k ϕ (x, y) stands for the kernel of ϕ( √ ∆), we need to show that
Let A y (m) be the annulus {x : m ≤ |x − y| < m + 1} and consider
By Cauchy-Schwarz we estimate the above by
and consequently
Let L 2 norm of k ϕ (x, y) over the annulus A y (m) can be estimated as in [19] . For the convenience of the reader we give some details.
Let δ y stand for the Dirac delta distribution at y. Then we can find functions g y and h y both in L 2 (|x − y| ≤ 1) such that δ y = ∆ s 2 g y + h y where s = n 4 + 1. We can assume that g y 2 and h y 2 are bounded uniformly in y. With this decomposition of δ y we obtain
where ϕ s (λ) = λ 2s ϕ(λ). By the finite propagation speed, on the annulus A y (m) we have
Using the boundedness of cos t √ ∆ on L 2 (R n ) we have, for any N ,
A similar estimate holds for ϕ( √ ∆)h y on A y (m). Putting these estimates together we have
which is finite provided W ≥ ρ if we take N > n + 1. This completes the proof of Theorem 2.6.
2.3.
The chaotic behavior of the heat semigroup: In this subsection we prove one of the main theorems namely Theorem 1.4 regarding the chaotic behavior of the semigroup T c t = e ct e −t(−∆+ρ 2 ) , c ∈ R on the space L p ρ (R n ). In proving the result we closely follow the proofs given in [13] for the case of symmetric spaces of non-compact type. As in [13] we let Λ p = {λ ∈ C : |ℑ(λ)
Using this we define the following three subsets of Λ 0 p , the interior of Λ p ;
where Q is the set of all rationals. In [13] the authors have proved that all these sets are non-empty and A 3 has infinitely many points (see Lemma 4.1 in [13] ) for c > c p . Also note that A 1 and A 2 are both open subsets of Λ 0 p .
To each of these A j 's we associate certain subsets A j as follows. The translation of the spherical functions ϕ λ (y) are given by the equation
It is therefore clear that τ x ϕ λ are eigenfunctions of ∆ + ρ 2 with eigenvalues λ 2 + ρ 2 and that τ x ϕ λ ∈ L p ρ (R n ) whenever λ ∈ Λ 0 p and p = 2. This follows from the estimate |e iλx·ω | ≤ Ce |ℑ(λ)| |x| . For each 1 ≤ j ≤ 3 we set
We now recall certain results from the general theory of chaotic semigroups. Given a strongly continuous semigroup T t on a Banach space B the following three subsets of B are important in detecting the chaotic behavior of T t :
B ∞ = {x ∈ B : ∀ǫ > 0 ∃w ∈ B and t > 0 such that w < ǫ and T t w − x < ǫ}; B P er = the set of all periodic points of T t . 
(R n ) = 0 and hence g ∈ B ∞ . The proof of third inclusion is also easy. As it is similar to the case of symmetric spaces we leave the proof and refer to [13] . Now we need to prove the density of B 0 , B ∞ and B P er which will follow once we prove that of
is a continuous function on Λ 0 p . Moreover, by Morera and Fubini, the map is holomorphic. Since A 1 is a nonempty open subset of Λ 0 p it follows that
for all λ ∈ Λ p ; in particular, for all λ ∈ R, x ∈ R n , we have g * ϕ λ (x) = R n g(y)τ −x ϕ −λ (y)dy = 0. In view of Fourier inversion formula, we have
When p = 1 we have a bounded function g 1 such that
for all λ ∈ Λ p . Since the function g(y) = g 1 (y)K n/2 (y) belongs to L 1 (R n ) we can conclude that g 1 = 0 as before. This proves the density of span of A 1 . The density of span of A 2 and A 3 are similarly proved.
Proof of the Theorem 1.4: For 1 ≤ p < ∞ and c ∈ R the semigroup T c t = e −t(∆+ρ 2 −c) is strongly continuous on L p ρ (R n ). Therefore, in view of the Corollary 2.8 and Proposition 2.9, T c t is chaotic on L p ρ (R n ) for c > c p and 1 ≤ p < ∞, p = 2. This proves the part (1) of Theorem 1.4. Now we proceed to prove part (2), We note that for any c ∈ R, the semigroup
t f is a continuous bounded function and hence the closure of the orbit
is a subset of the subspace of all continuous bounded functions which is a strictly contained in L ∞ ρ (R n ). This proves part (2) of Theorem 1.4. For part (3), we make use of Theorem 2.2 according to which the spectrum
By the geometric form of the above set, it can be easily seen that the set σ p (∆ + ρ 2 − c) ∩ iR has at most one point for c ≤ c p and hence in view of Theorem 1.1, T c t is not chaotic. If c < c p , the operators T c t are uniformly bounded in t, as they satisfy the estimates is the same as that ofT c t on L p (R n , (ϕ iρ (x)) 2 dx) as long as 2 < p < ∞. Thus Theorem 2.1 leads to the estimate
. Similarly, from Theorem 2.2 it follows that the spectrum of ∆+ρ 2 on L p ρ (R n ) is the same as the spectrum of∆ + ρ 2 on L p (R n , (ϕ iρ (x)) 2 dx) for all p > 2. Thus the proof of parts (a) and (b) of Theorem 1.3 is almost the same as that of Theorem 1.4.
In order to treat the case 1 ≤ p ≤ 2 we make use of the following theorem proved in [4] (see Theorem 2.5 in [13] Recalling the definition of∆ we see that
which means that∆+ρ 2 is selfadjoint. IfT c t were chaotic on L p (R n , (ϕ iρ (x)) 2 dx) for 1 ≤ p < 2, then the point spectrum of∆+ρ 2 on L p ′ should be empty. But this is not the case as
is an eigenfunction of∆ + ρ 2 . For p = 2, the behaviour of e −t(∆+ρ 2 −c) on L 2 (R n , (ϕ iρ (x)) 2 dx) is equivalent to the behaviour of e −t(∆+ρ 2 −c) on L 2 (R n , dx). In [13] the authors have studied the latter semigroup and hence our results follow from theirs.
In order to show thatT c t has no periodic points in L p (R n , (ϕ iρ (x)) 2 dx) for 1 ≤ p ≤ 2, assume, on the contrary that there is a nontrivial f ∈ L p (R n , (ϕ iρ (x)) 2 dx) such thatT c t f = f for some t = t 0 > 0. This means that g = f ϕ iρ which belongs to L p (R n , (ϕ iρ (x)) 2−p dx) is a periodic point for e −t(∆+ρ 2 −c) : that is, e −t 0 (∆+ρ 2 −c) g = g. Since we are in the case
and hence by taking Fourier transform we obtain (1 − e −t 0 ωc(λ) )ĝ(λω) = 0 for all λ > 0 and ω ∈ S n−1 . But thenĝ(ξ) = 0 for a.e. ξ ∈ R n which is a contradiction. This completes the proof of Theorem 1.3.
Chaotic behavior of the Dunkl heat semigroup
on weighted L p spaces
Coxeter groups and Dunkl operators:
In this subsection we recall some definitions given in Introduction and we give some more preliminaries about Dunkl theory. Let G be a Coxeter group (finite reflection group) associated to a fixed root system R in R n , n ≥ 2. We use the notation ., . for the standard inner product on R n and |x| 2 = x, x . We assume that the reader is familiar with the notion of finite reflection groups associated to root systems. Given a root system R we define the reflections σ ν , ν ∈ R by
Then G is a subgroup of the orthogonal group generated by the reflections σ ν , ν ∈ R. A function κ defined on R is called a multiplicity function if it satisfies κ(gν) = κ(ν) for every g ∈ G. We assume that our multiplicity function κ is non negative.
In [5] Dunkl defined a family of first order differential-difference operators T j (which we call Dunkl operators) that play the role of partial differentiation for the reflection group structure. Dunkl operators T j are defined by
for j = 1, 2, · · · , n, where ν = (ν 1 , ν 2 , · · · , ν n ) and R + is the set of all positive roots in R. These operators map P n m to P n m−1 , where P n m is the space of homogeneous polynomials of degree m in n variables. More importantly, these operators mutually commute; that is
Recall that the Dunkl-Laplacian ∆ κ is defined to be the operator
which can be explicitly calculated, see Theorem 4.4.9 in Dunkl-Xu [6] . The Dunkl Laplacian reduces to the standard Laplacian ∆ κ = ∆ when κ = 0. For all these facts we refer to Dunkl [5] and Dunkl-Xu [6] . The weight function h 2 κ associated to the group G and the multiplicity function κ is defined by h
Note that h 2 κ (x) is a positive homogeneous function of degree 2γ where γ = ν∈R + κ(ν). We consider L p spaces defined with respect to the measure h 2 κ (x)dx. There exists a kernel E κ (x, ξ) which is a joint eigenfunction for all T j :
This is the analogue of the exponential e x, ξ and Dunkl transform is defined in terms of E κ (ix, ξ).
For f ∈ L 1 (R n , h κ (x) 2 dx) we define the Dunkl transform of f by
The Dunkl transform shares many important properties with the Fourier transform. For example, we have the Plancherel theorem
) and the inversion formula
In this paper we also make use of some properties of the Dunkl kernel E κ (x, ξ). For example we require E κ (λx, ξ) = E κ (x, λξ) for any λ ∈ C and also the estimate |E κ (x, ξ)| ≤ e |x||ξ| for all x, ξ ∈ R n . We refer to [6] for all these and more on Dunkl transform.
3.2.
Dunkl heat semigroup on weighted L p spaces. In [14] and [15] , Rösler has studied the heat equation associated to the Dunkl Laplacian, viz.
where Γ κ is the heat kernel associated to ∆ κ . The kernel Γ κ is explicitly known and is given by
We collect some important properties of this kernel in the following lemma.
Lemma 3.1 (Rösler).
(
In view of these properties, it is not difficult to show that the family of operators
Indeed, this has been proved in [20] . Thus for f ∈ L p (R n , h 2 κ dx), 1 ≤ p < ∞, H t f converges to f in the norm as t → 0. In this article we are interested in the semigroup T t generated by
We define spherical functions in the Dunkl set up by the equation
for λ ∈ C. These are all eigenfunctions of the Dunkl-Laplacian with eigenvalue λ 2 ; ∆ κ ϕ λ,κ = λ 2 ϕ λ,κ . For λ ∈ C, ϕ λ,κ has exponential growth. Indeed,
where J α (t) is the Bessel function of type α. It can be easily proved that ϕ λ,κ ∈ L p ρ,κ (R n ) for |ℑ(λ)| < γ p ρ and p = 2.
and with this identification the operator T t will be self adjoint. In view of the asymptotic behaviour of the Macdonald function (and Bessel function), it is enough to consider the space defined using (1 + |x|) (n+2γ−1)/2 e −ρ|x| (respectively (1 + |x|) −(n+2γ−1)/2 e ρ|x| ) in place ofK n/2+γ (ρ|x|) (respectively (ϕ iρ,κ (x)) p ′ γ p ′ ). For the sake of brevity, just for this section, we denote the weight function (1 + |x|) (n+2γ−1)/2 e −ρ|x| by w ρ,κ (x).
We first consider the case 1 ≤ p ≤ 2 for which we prove the above estimates for the semigroup T t on both weighted
. We make use of these estimates and duality to prove the required estimates for p > 2. Since
* the required estimate is true for p = 2. To prove the result for p = 1 we recall that
where Γ κ (t, x, y) is the heat kernel defined in (3.1). As γ 1 = 1 we need to show that
We consider the case of
Since the heat kernel Γ κ (t, x, y) satisfies R n Γ κ (t, x, y)h 2 κ (x)dx = 1 we immediately see that
In order to treat the remaining part of the integral, we make use of the explicit expression for Γ κ (t, x, y), viz.
we need to estimate
(r 2 +s 2 )
In view of the Poisson integral representation of Bessel functions, viz. (r 2 +s 2 −2rsu) e ρ(r 2 +s 2 −2rsu)
(r 2 +s 2 −2rsu) e ρ(r 2 +s 2 −2rsu)
Thus, the required integral is bounded by
The inner integral is the generalised Euclidean translation of e
r 2 e ρr . As the L 1 -norm is preserved by such a translation, the above is bounded by
r 2 e ρr r N −1 dr which can be easily seen to be bounded by Ce tρ 2 t N−1 2 .
We can now appeal to Stein-Weiss interpolation theorem (see in [18] ) to prove the result for 1 ≤ p ≤ 2. Indeed, we have
and also
Interpolation of these two estimates give us
which is the required inequality for 1 ≤ p ≤ 2. In order to prove Theorem 3.2 when p > 2 we use duality. Observe that
Writing the right hand side as
and applying Holder's inequality we get
For p > 2, p ′ < 2 and hence by what we have already proved and the fact that γ p = γ p ′ , we get
We now turn our attention to the Dunkl heat semigroup on the weighted mixed norm space L p,2 ρ,κ (R n ). The semigroup T t can be extended to the space L p,2 ρ,κ (R n ). In fact we will show below that the weighted mixed norm (L p,2 ρ,κ (R n )-norm) estimate of T t f can be reduced to a vector valued inequality for a sequence of Bessel semigroups of different types.
The Bessel semigroup B α t of type α is initially defined on L 2 (R + , r 2α+1 dr) by
where the kernel b α t (r, s) is given by
(r 2 +s 2 ) (rs)
where J α is the standard Bessel function of type α of first kind.
We can identify L
, the L p space of H valued functions defined on R + taken with respect to the measure (K n/2+γ (ρr)) pγp r n+2γ−1 dr where
there exists an orthonormal basis consisting of h-harmonics. These are analogues of spherical harmonics and defined using ∆ κ in place ∆. A homogeneous polynomial P (x) is said to be a solid h-harmonic if ∆ κ P (x) = 0. Restrictions of such solid harmonics to S n−1 are called spherical h-harmonics. The space L 2 (S n−1 , h 2 κ (ω)dσ(ω)) is the orthogonal direct sum of the finite dimensional spaces H h m consisting of h-harmonics of degree m. We can choose an orthonormal basis
for almost every r. Hence we have the following h-harmonic expansion: for a.e. r > 0,
where f m,j (r) = S n−1 f (rω)Y h m,j (ω)h 2 κ (ω)dσ(ω) are the spherical harmonic coefficients of f. In view of Plancherel formula, we also have the following expression for f L p,2 ρ,κ (R n ) :
With the above notations, the following proposition gives the relation between the Dunkl heat semigroup and the Bessel semigroups.
Proposition 3.3. For 1 ≤ p < ∞, let T t be the semigroup generated by
ρ,κ (R n ). Then we have Proof. To prove the proposition, we make use of the following formula
In view of (3.1) and (3.6), we have
Recalling the definition of T t f and making use of the above formula,
This proves the proposition. Proposition 3.4. For 1 ≤ p < ∞, let T t be the semigroup generated by
if and only if the vector-valued inequality holds:
Here N = n + 2γ, f m,j (s) = s −m f m,j (s) and A(p, t) is a constant depending on p and t.
Proof. With F = T t f we use the h-harmonic expansion to get
, in view of the previous proposition and the above, the norm
which proves the proposition. 
Proof. Let f (x) = f 0 (r)Y (ω) where x = rω, ω ∈ S n−1 , r = |x| and let Y (ω) be a spherical h-harmonic of degree m. In view of Proposition 3.3, we have
p , tends to 0 as t → 0 by the strong conti-
where M is a positive integer, then it follows that
→ 0 as t → 0. Since the space of all such functions f having the form (3.8) is dense in L p,2 ρ,κ (R n ), once we prove that T t are uniformly bounded on L
In view of Proposition 3.4, in order to prove the weighted mixed norm estimate (3.7), it is enough to prove the following vector-valued inequality 
pp ′ t . In view of the same Proposition 3.4, the above vector valued inequality will follow once we prove for the standard heat semigroup T t = e −t(∆+ρ 2 ) on R N , N = n + 2γ. This is the content of the next theorem.
Theorem 3.6. Let 1 ≤ p < ∞, ∆ be the standard Laplacian on R N and T t be the semigroup generated by (∆ + ρ 2 ). Then
pp ′ t f L p,2 ρ,0 (R N ) . We obtain the above result as a consequence of the weighted norm estimate proved in Theorem 2.1. To this end, we make use of a transference result due to Rubio de Francia, see [16] . For given k ∈ SO(N ), the special orthogonal group, we define the rotation operator ̺(k) by ̺(k)f (x) = f (kx). For a given radial weight function w consider weighted mixed norm space L w (R N ) ∩ L p (R N , w(|x|)dx) and T op ≤ T op . In order to prove this claim, we make use of an idea due to Rubio de Francia [16] . This method described briefly in [16] is based on an extension of a theorem of Marcinkiewicz and Zygmund as expounded in Herz and Riviere [8] in the form of the following lemma. where K ω = {k ∈ K : kω = ω} is the isotropy subgroup of K, dν is the Haar measure on K ω and dµ is the K ω invariant measure on K/K ω which can be identified with S N −1 . Hence This is possible only if |ℑ(λ)| < γ p ρ which proves Theorem 3.8.
3.4.
The chaotic behavior of the Dunkl heat semigroup: In this subsection we prove the remaining main theorems, namely Theorem 1.5 and Theorem 1.8 regarding the chaotic behavior of the semigroup T c t = e ct e −t(∆κ+ρ 2 ) , c ∈ R on the spaces L p ρ,κ (R n ) and L p,2 ρ,κ (R n ). For the space L p,2 ρ,κ (R n ), we assume that 2γ is an integer to give a complete picture of the chaotic behavior of the semigroup T c t = e ct e −t(∆κ+ρ 2 ) , c ∈ R on that space. We prove these results by imitating the proofs presented in the Subsection 2.3 where we have discussed the chaotic behavior of heat semigroup in the Euclidean set up. So we give a very sketchy outline of these proofs. We use all the notations introduced in the Subsection 2.3 with some appropriate changes required for the Dunkl set up. For example, we have to replace theσ 2 (∆ κ + ρ 2 − c) ∩ iR has at most one point. In view of Theorem 1.1, T c
